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The large class of inflationary models known as α- and ξ-attractors gives identical cosmological
predictions at tree level (at leading order in inverse power of the number of efolds). Working
with the renormalization group improved action, we show that these predictions are robust under
quantum corrections. This means that for all the models considered the inflationary parameters
(ns, r) are (nearly) independent on the Renormalization Group flow. The result follows once the
field dependence of the renormalization scale, fixed by demanding the leading log correction to
vanish, satisfies a quite generic condition. In Higgs inflation (which is a particular ξ-attractor) this
is indeed the case; in the more general attractor models this is still ensured by the renormalizability
of the theory in the effective field theory sense.
I. INTRODUCTION
Successful inflationary models should satisfy some ba-
sic requirements. They have to be consistent within the
theory in which they are formulated (QFT and GR).
Moreover, for the models to be predictive, the predic-
tions should depend on a number of parameters smaller
than the number of predictions themselves.
A large class of inflationary models, the so-called
Cosmological Attractors, gives the same classical pre-
dictions for the inflationary observables1 [1]. At lead-
ing order in the 1/N expansion, with N the number
of efolds, the tree-level spectral index and tensor-to-
scalar ratio are given by ns = 1 − 2/N + O(N−2) and
r = 12/N2 +O(N−3). A natural question to ask then is
if these predictions are robust in the full quantum the-
ory. Are the attractor models consistent and predictive
at the quantum level? In this letter we will consider the
effect of perturbative corrections due to the renormal-
ization group (RG) flow.
In single field inflation, the quantum corrected dy-
namics of the inflaton is given by an effective action of
the form
Leff√−g = −
1
2Z(φ)Kφ(φ)(∂φ)
2 − V (φ) + ... (1)
with Z(φ) the (non-trivial) renormalization wavefunc-
tion, Kφ the metric in field space in presence of a non-
canonical kinetic term, V the full quantum potential
and the dots stand for higher derivative terms that
can be safely neglected in the slow roll approximation.
With the gravity sector in the standard form, i.e. for
the action in the Einstein frame, the slow roll param-
eters as well as the inflationary indexes ns and r are
∗ jacopof@nikhef.nl
1 More precisely, for α→ 1 and ξ →∞ in the α- and ξ-attractors
respectively.
given in terms of derivatives of the effective potential
with respect to the canonical inflaton field. Using stan-
dard renormalization group techniques it is possible to
rewrite the effective action in a form suitable for the in-
flationary analysis, which takes into account the leading
log expansion of the quantum potential.
We are interested in the possibility that quantum cor-
rections enter at first order in the 1/N -expansion. The
observables can then be written in the general form
ns ' 1− 2
N
fn(βλi , λj)? , r '
12
N2
fr(βλi , λj)?, (2)
evaluated at the time the pivot scale (k? =
0.002 Mpc−1) leaves the horizon (denoted by a subscript
?). Here fn and fr are two generic functions of the beta
functions βi and the couplings of the model λi. If the
inflationary parameters have such a dependence,2 this
would imply that the knowledge of the details of the
renormalization group (RG) flow during inflation are
needed (to find out the expressions for βλi) to draw con-
clusions on the model. Even more, to ever connect the
low and high energy regimes of the model, one would
need to know the details of the RG flow through the
entire energy domain.
The RG dependence of the observables can be both
a curse and a blessing. A blessing because it can lift
the degeneracy between the different attractor models.
Moreover, including loop corrections to the inflaton ac-
tion could in principle shed light on the UV dependence
of the inflationary parameters. On the other hand, if a
model depends strongly on unknown UV corrections it
will lose completely any predictive power. In this letter,
generalizing the idea of our previous work [2], we show
that for the large class of inflationary attractor models,
2 Note that even though βλi might be small in general, this is
not necessarily true for combinations of (βλi , λj), e.g. βλi/λi.
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2the α- and ξ-attractors [3–7], ns and r are nearly in-
dependent on the RG flow. This also implies that any
kind of UV physics whose effect enters only via the RG
flow (i.e., that does not affect the inflationary potential
already at tree level) will in general have no effect on
the predictions for these models.
A. RG improving and renormalization scale
Let us briefly review some standard features of the
effective action and the RG flow that we will use in the
following. The quantum potential for a scalar field φ
depends in general on powers of logarithms of the form
ln
(
M2i (φ)/µ
2
)
where M2i (φ) are the field-dependent
masses of the particles running in the loops and µ the
renormalization scale. The logarithms appear only up
to L-th power at the L loop order. A well known result
in quantum field theory [8, 9] tells us that in each re-
gion of the field space it is possible to define an effective
field theory (EFT) where only one logarithm remains
relevant in the full effective potential. All the other
mass scales decouple and their net effect will be a shift
in the definition of the parameters of the EFT. Thus,
schematically, each loop contribution will have the fol-
lowing form
V (L) = ~−1(v(L)0 s
L + ~v(L)1 s
L−1..+ ~Lv(L)L ), (3)
where
s = ~ ln
(
M2(φ)
µ2
)
(4)
is the only relevant log in the EFT. Here v
(j)
i are func-
tions of the field and all the other couplings/mass pa-
rameters (λi), and ~ is the loop counting parameter.
The full potential can be written in general as [10]
V = M4(φ)
∞∑
i=0
~i−1
( ∞∑
L=i
v
(L)
i s
L−i
)
≡M4(φ)
∞∑
i=0
~i−1fi,
(5)
where fi is the i-th to leading log term. We label the
potential truncated at L-loop order with VL = V
(0) +
...+V (L). V satisfies the renormalization group equation
(RGE) [11, 12]:
DV ≡
(
µ
∂
∂µ
+ βλi
∂
∂λi
− γφ ∂
∂φ
)
V = 0, (6)
where γ is the anomalous dimension of the scalar field.
This allows us to rewrite it as a formal solution in the
following standard way (see for example [13])
V (φ, λi, µ) = V (φ¯(t), λ¯i(t), µ¯(t)) (7)
where
dφ¯(t)
dt
= −γ(λ¯i(t))φ¯(t) , dλ¯i(t)
dt
= βi(λ¯j(t)),
µ¯(t) = µet,
(8)
and with the initial conditions that the barred quantities
reduce to the unbarred ones at t = 0. In a standard
quantum field theory the renormalizability ensures that
in each EFT the RG operators D are the same. Indeed,
we are actually solving the same equation by simply
using different set of parameters. The matching between
the solutions is provided by the equations that relate
the parameters of two adjacent EFTs evaluated at the
renormalization point µ around the threshold [9].
Given a generic inflationary model renormalizable in
the EFT sense in the inflationary regime,3 the operators
D are not necessarily the same in each EFT (defined at
different energy scales). To patch together the EFTs we
would then need some threshold corrections, i.e. some
extra UV physics [2, 14, 15]. This is for example the
case in Higgs inflation [16, 17] where the beta functions
are different in the low and middle/large regime [18–
23]. The UV physics can be parameterized by a tower
of higher order operators, which have a net effect on
the boundaries of the EFTs and as such provide the
necessary threshold corrections [24]. In this way the
UV physics can enter the predictions through the RG
flow, that is different Wilson coefficients for the higher
order operators could result in different ns and r. As
we will show in this paper, it turns out that for a large
class of inflationary models we do not really need to
know the details of the RG flow to derive the inflationary
parameters.
When we formally solve the RG equation in the in-
flationary regime, only one log remains relevant. Equa-
tion (7) tells us that the effective potential is determined
once its functional form is known for a certain value of
t. The standard procedure to derive useful information
from (7), is to choose t in such a way that
s¯(t˜) = ln
M¯2(t˜)
µ¯2(t˜)
= 0 =⇒ t˜(φ, λi(t˜)) (9)
where we omit from now on the bar over the running
couplings. In this way V = V (t)|s¯=0 = VL(t)|s¯=0 +
O(~L).4 This means that the knowledge of the L loop
3 In each field region it is possible to define a small parameter;
there should be a finite number of counter terms at every order
in the expansion in this small parameter.
4 It might seem obvious that V and VL differ by O(~L) terms.
However, what we mean by that are order ~L terms in the
leading log series expansion (5).
3potential (and the function t˜) provides an exact RG im-
proved potential up to order L in this leading log ex-
pansion. Therefore, depending on the order we want to
work at, the potential used in our computations is given
by
VL|s¯=0 ≡ VL(t˜), (10)
and the RGE coefficients functions β, γ at (L+ 1)-loop
order [8, 9]. We will consider the leading corrections,
that is we set L = 0 and use the 1-loop β-functions.
Even if our results will not depend on the loop order of
the β-functions considered, this does not imply that it
holds automatically beyond the leading order. In section
II D we comment on the generalization of our results to
higher orders.
Let us make an important remark here. In the fol-
lowing (we used this already in (9)) we will consider φ
instead of its barred and t dependent version φ¯(t) in
the RG improved potential (and ρ instead of ρ¯(t) in the
next sections). We are allowed to do this for the fol-
lowing reason (see [25] and our appendix A in [2] for
more details). Consider the improved renormalization
wavefunction as absorbed in the field redefinition, i.e.
Zeff(t)(∂φ)
2 = (∂φcan)
2. Then we have, at leading or-
der
φ¯ = e−
∫
γdt′φ = e−
∫
γdt′Z
−1/2
eff φcan ≈ φcan, (11)
where we simply omit the subscript “can”.
B. Key idea
The key point is that since only one log remains rel-
evant during inflation there is (up to some irrelevant
numerical factors) a unique choice for the function t˜,
i.e. the one implicitly defined by eq. (9). In order to
compute the inflationary parameters ns and r we take
derivatives of the effective potential with respect to the
scalar field. These will be a function of derivatives of t˜
as well as of the couplings and the β-functions. Thus
the predictions can in principle depend on the RG flow
during inflation (through the value of the beta func-
tions in this regime) and on the full RG flow (through
the value of the running couplings at the horizon). Ex-
panding the equations in powers of the small parameter
ρ defining the inflationary regime it can be shown ana-
lytically, without having to solve explicitly the RG equa-
tions, that for the inflationary Cosmological Attractors
models, neither of the two contributions influence the
inflationary predictions at first order in inverse power
of the number of efolds.5
5 The scalar power spectrum constrains one combination of cou-
plings in the theory, which can always be satisfied fixing the
II. INFLATIONARY PARAMETERS
A. General set up: tree level
Let us start by reviewing the predictions for the Cos-
mological Attractors at tree level [1, 3–6]. The La-
grangian of the models considered can be written as
(with the Planck mass set to one)
L = √−g
[
1
2
R− 1
2
K(ρ)(∂ρ)2 − V (ρ)
]
, (12)
with
K =
ap
ρp
+
ap−1
ρp−1
+ ..., V = V0(1 + cρ+ c2ρ
2 + ..) (13)
where ρ  1 is the parameter identifying the inflation-
ary regime.6 V is the tree level potential in the Einstein
frame (in the previous section labeled with V (0)), while
V0 = V |ρ=0 is the coupling dependent part of it.7
To first approximation the following happens [1]: the
slow roll parameter η, and consequently the spectral in-
dex, is completely determined by the order of the lead-
ing pole in the kinetic term (p); for p = 2 the tensor-
to-scalar ratio r will depend only on the residue of this
leading pole.8 We will now show this explicitly.
The first and second slow roll parameters are
 =
1
2
(
Vρ
V
)2
K−1 =
1
2
(
Vρ
V
)2
ρp
ap
, (14)
and
η =
Vχχ
V
= −Vρ
V
d2χ
dρ2
(
dχ
dρ
)−3
+
Vρρ
V
(
dχ
dρ
)−2
=
p
2
ρp−1
ap
c+O(ρp).
(15)
Here χ labels the canonical field defined via dχ/dρ =
K
1
2 . Further we introduced the notation Vρ = dV/dρ,
and likewise for higher derivatives. From the previous
expression we see that in all these models η   (one
order in ρ difference). The number of efolds is given by
N '
∫ ρ? ( V
Vρ
)
Kdρ ' ap
cρp−1? (1− p)
, (16)
free parameter of the model. For different RG evolutions, the
individual couplings may have different values at horizon exit,
but as long as the combination is kept fixed by adjusting the
free parameter, this has no direct observable consequences.
6 ρ → 1 towards the end of inflation. Thus ρ is defined in order
for c to be negative in (13).
7 The reason for these choices is to adopt the same notation as
[1].
8 This approach is robust under perturbation of the non-
canonical kinetic term K with terms of one order higher in
the leading pole, i.e. K ⊂ ap+1/ρp+1 [26].
4which implies
ρ? =
[
Nc(1− p)
ap
] 1
1−p
. (17)
Evaluating the slow roll parameters at horizon exit then
gives
η? ' p
2(1− p)
1
N
,
? ' 1
2
c
p−2
p−1 a
1
p−1
p
(
1
(1− p)N
) p
p−1
.
(18)
For p = 2 all dependence on the potential drops from
the inflationary parameters, which become
ns ' 1− 2
N
, r ' 8a2
N2
. (19)
B. General set up: Quantum corrections
As we discussed in section I A, even if the inflaton field
has a non-canonical kinetic term, the net effect of con-
sidering leading order quantum corrections is captured
by substituting in the tree level action each coupling
by its running counterpart, i.e. λi → λi(t), modulo a
proper choice of the RG time t = t˜ (the one solving
(9)). Thus, we consider the RG improved version of
(12), given by9
Leff√−g ' −
1
2K(ρ, λi(t˜(ρ)))(∂ρ)
2 − V (ρ, λi(t˜(ρ)). (20)
It is worth making a remark here. The previous ac-
tion captures the leading quantum correction as long as
the effective action satisfies a Callan-Symanzik equation
as (6), i.e. the theory is perturbatively renormalizable
during inflation. For the case of interest (p = 2) this
can be seen in two ways. In terms of the canonical field,
K
1
2 ∂ρ = ∂χ, ρ ∝ e−χ/M , the action has an approximate
shift symmetry, i.e. for χ → ∞ the action is invariant
under χ 7→ χ+cost. This implies that all the divergences
are proportional to e−χ/M and the counterterms will or-
ganize into a series of the same form as the tree level po-
tential V = V0
∑∞
n=1 cnρ
n = V0
∑∞
n=1 cne
−nχ/M . Thus
we have at every order a finite number of counterterms.
In terms of the non-canonical field ρ the approximate
9 In computing the effective action one usually expands around
a constant background ρ = ρ¯ where the tree level action is
analytic. Even if we are in the limit of small ρ we consider
an expansion around a small but finite ρ¯ where the action is
analytic.
shift symmetry turns into a scale symmetry of the ac-
tion, ρ 7→ (cost)ρ, in the limit of ρ going to zero.10
Let us now compute the effect of the quantum cor-
rections on the inflationary parameters. For a potential
of the form (13), the dependence on the couplings is in
V0. The derivative of the potential with respect to ρ,
denoted by Vρ, then becomes
11
Vρ = V0
∞∑
n=1
ncnρ
n−1 +
βV0
V0
dt˜
dρ
V (21)
where c1 ≡ c (to match the tree level notation (13)). At
leading order we have
Vρ
V
' c+ βV0
V0
dt˜
dρ
. (22)
Now a key point of the argument kicks in. On the weak
assumption that t˜ can be simply expanded in a Taylor
series about zero,
dt˜
dρ
=
∞∑
k=0
dkρ
k , (23)
where the coefficients dk can depend implicitly on ρ, we
have
Vρ
V
= c+
βV0
V0
d0 +O(ρ). (24)
Thus, the effect of the RG flow will be only a rescaling
of the factor
c→ C ≡ c
(
1 +
βV0
V0
d0
c
)
. (25)
As we show now, this will be the only relevant effect
which has no consequences for the inflationary parame-
ters.
Let us compute the number of efolds. The leading
term in the integrand is the same as (16) with the re-
placement (25). On the other hand, the factor a2/C ≡ D
is not a constant anymore and it depends implicitly on
ρ. Expanding it in a Taylor series about ρ? gives
N '
∫ ρ? dρ
ρ2
a2
C
=
∫
ρ?
dρ
ρ2
(
D? + βD?
dt˜
dρ
(ρ− ρ?) + ..
)
. (26)
10 In terms of the non-canonical field ρ this symmetry prevents
that loop corrections generate higher inverse powers of ρ in the
non-canonical kinetic term.
11 Note that for the set-ups considered, even if the coefficients
ci had a dependence on the couplings that would only give
contributions to the derivative that are higher order in ρ, of the
form ∼ V0
(
ρ dc
dt
dt˜
dρ
+ ..
)
.
5Given the assumption (23), we observe that D can be
considered constant over the integration domain within
our approximation, i.e. D ' D?. In fact, all the other
terms, starting from the second one within the brackets,
give contributions that are at most of order ∼ ln ρ?,
which gives an order higher in the 1/N expansion. These
contributions enter at the same order as the corrections
from the subleading poles in the kinetic term, which
were already neglected at tree level. The number of
efolds then becomes12
N ' − ap?C?ρ? , (27)
which is simply (16) with p = 2 and the couplings (which
now are not constant anymore) evaluated at the hori-
zon crossing ρ?. Therefore ? will be exactly the same
as the tree level expression, but with c replaced by C?
(whose dependence drops out for p = 2). From (27)
we note that the quantum corrections, encoded in C?,
generically will not prevent this model from generating
a large enough number of efolds. In fact C? can be in
principle arbitrarily large, this will simply imply a shift
of ρ? towards smaller values in order to get the desired
number of efolds. In computing η, one has to be a lit-
tle more careful since an extra contribution could come
from the derivative of the non-canonical kinetic term in
(20). In fact, in (15), we should consider
dK
1
2
dρ
≡ d
2χ
dρ2
=
1
2
ρ
p
2 a
1
2
p
(
−pρ−p−1 + βap
ap
dt˜
dρ
ρ−p
) ∣∣∣
p=2
.
(28)
However, as long as (23) is satisfied, the second term
in this expression gives higher order contributions to η.
Thus (15) becomes
η = −Vρ
V
d2χ
dρ2
(
dχ
dρ
)−3
+O(ρ2) = ρ
C
a2
+O(ρ2), (29)
which is the tree level expression at leading order with
again C playing the role of c. It is then obvious that
inverting (27) and substituting ρ? in the the slow roll
parameters gives the same (19) for ns and r,
ns ' 1− 2
N
, r ' 8a2?
N2
. (30)
Summarizing, the effect of the RG flow enters in three
ways. First, in the efolds dependence of ρ? = ρ?(N).
Second, by giving a rescaling c→ C in the slow roll pa-
rameters (before evaluating them at the horizon cross-
ing) and third from the extra contribution to the deriva-
tive of K in η. Nevertheless, if the condition (23) is
12 We will comment on the possibility of quantum corrections flip-
ping the sing of C? in the next section.
Figure 1. Possible features of the effective potential due to
RG effects.
satisfied, this latter gives simply higher order contribu-
tions, while the first and second points compensate each
other. Different running histories (encoded in (βV0/V0)?
in C?) will just imply a different value of the field at the
horizon exit ρ?. This effect cancels with the shifted ex-
pressions of the slow roll parameters.13
Note that the arguments presented are valid as long
as the quantum corrections encoded in C do not break
the perturbative expansion in ρ. In general |C| ∼ O(1)
and (30) follows. Consider the term between brackets
in (25), denoted by F , i.e.
C = c
(
1 +
d0
c
βV0
V0
)
≡ cF, (31)
if F is positive during inflation, then sign[C?] < 0 and
the predictions will be the same as for the tree level
case.
C. Maximum and breakdown of perturbativity
The conclusion that the tree level predictions are not
affected by the RG corrections is valid as long as the
perturbative expansion in ρ holds and inflation takes
place on the plateau of the potential. It may be that the
potential develops an extremum because of the running;
this is purely a quantum effect in that the tree level
potential has no extremum in the inflationary regime.
For fine-tuned parameters it is then possible to obtain
inflation near the maximum or inflection point. In this
case the details of the inflationary scenario will depend
sensitively on the quantum corrections.
To see the appearance of an extremum in the poten-
tial, consider its slope. For |F | & ρ the perturbative
13 Suppose that (23) is not satisfied, for example t˜ ∝ k
ρ
. In
the number of efolds the second term in (26) will now give∫ dρ
ρ2
βD?
dt˜
dρ
(ρ − ρ?) = kρ? βD? + h.o., which is of the same or-
der as the leading term D?/ρ?, and thus (27) and the relation
ρ?(N) is altered. As a consequence, the leading order slow roll
parameters at horizon exit will depend on the beta functions.
6expansion is valid and Vρ = V0cF + Ø(ρ), see (24). It
follows that going from a region in field space with F & ρ
to a region with F . −ρ, the slope of the potential has
changed sign. This can only happen if there is a (at
least one) maximum in between. In general, one can-
not calculate the location of the maximum analytically
though, as the perturbative expansion breaks down ex-
actly in the in between region where F ∼ 0.
For the particular choice of normalization scale µ¯(t˜) ∝
V
1
4 the slope of the potential factorizes in a classical
piece times a quantum correction at all orders, see (34)
below. Then it can actually be shown analytically that
the regime where perturbativity breaks down coincides
with the development of a maximum in the effective
potential. This choice of normalization scale is appro-
priate for Higgs inflation and it also appears generically
in the α and ξ-attractor models considered. It can be
parametrized µ¯(t˜) = (V0µ0)
1/4(1 + cρ+ ..)1/4, where V0
and µ0 depend explicitly on the couplings but do not
explicitly depend on the field ρ. It is not hard to see
that this satisfies (23). The RG time is then
t˜ = ln µ¯(t˜) =
1
4
ln (µ0V ) . (32)
Taking the derivative with respect to ρ gives
dt˜
dρ
=
1
4
(
Vρ
V
+
βµ0
µ0
dt˜
dρ
)
=⇒ dt˜
dρ
=
Vρ/4V
1− βµ0/4µ0
,
(33)
which allows us to write an exact expressions for Vρ
without needing to solve (21) iteratively. Inserting the
previous expression in (21) gives
Vρ = V0
( ∞∑
n=1
ncnρ
n−1
) (
1− βµ04µ0
)
(
1− βµ04µ0 −
βV0
4V0
) , (34)
and thus14
C = c
(
1− βµ04µ0
)
(
1− βµ04µ0 −
βV0
4V0
) ≡ cF. (35)
Now switching to the canonical field χ, we thus find
that for F = 0 the slope vanishes Vχ = −K− 12F (cρ +
O(ρ2)) = 0.15 The inflaton potential develops an ex-
tremum and  is identically zero at all orders. Ap-
proaching this point, when F ' ρ, our perturbative
14 Note that (31) and (35) are in agreement. Combining (33)
and (34), dt˜/dρ can be written in the form (23) with d0 =
(c/4)(1− βµ0
4µ0
− βV0
4V0
)−1. Now using (31) gives for F the same
expression as in (35).
15 Here we used that dρ/dχ = −K− 12 < 0 since K > 0 and ρ→ 0
for χ→∞.
analysis breaks down. To show that the potential devel-
ops a maximum consider the curvature at the extremum
Vχχ|F=0 = K−1Fρc(1 + O(ρ)). As c is negative, it fol-
lows that sign[Vχχ]|ρext = −sign[Fρ]|ρext where ρext is
the field value at the extremum. Now since F (ρ) > 0
for ρ > ρext, we have Fρ(ρext) ≥ 0. This implies that
sign[Vχχ]|ρext < 0, i.e. the extremum is indeed a max-
imum (or an inflection point for double fine-tuned pa-
rameters [27–29]). Note that, also this result is inde-
pendent on the particular β-functions.
One can contemplate the possibility of inflation hap-
pening on the other side of the maximum. F is negative
here as sign[C?] is reversed. However, this describes a
completely different kind of inflation with the inflaton
rolling on the other side of the maximum (see Fig. (1)).
Therefore, when a maximum develops due to quantum
corrections, one has to assume initial conditions such
that inflation starts with the inflaton always on the “cor-
rect side” of the maximum. In Higgs inflation this is
equivalent to the observational request to end up in the
electroweak vacuum after inflation. For the wider class
of models considered here, the assumption is still rea-
sonable since the vacuum at the origin is tuned to have
zero (small) cosmological constant and this is where in-
flation is assumed to end; the minimum at large field
values might not only be large (negative or positive),
but also in the regime where any calculational control
is lost as quantum gravity corrections may be large.
D. Higher orders
Even if the arguments shown in section I A are gen-
eral, it is still not clear if the result presented in sec-
tion II B hold beyond leading order (LO). Consider the
RG improved L-loops potential, i.e. V = V0,eff(t˜)(1+ ..)
where V0,eff = V0(t˜)+V
1
0 (t˜)+.. only depend explicitly on
the couplings. Since the cancellation of the RG effects in
the inflationary predictions does not depend explicitly
on the particular V0 nor on the order of βV0 , everything
still follows replacing V0 → V0,eff and βV0 → βV0,eff .
However, including higher loops contributions we can
in general no longer absorb the effect of the anomalous
dimensions in the canonical field, as was discussed at
the end of section I A. This may not necessarily hold
beyond LO, for which further investigations would be
required.
III. APPLICATIONS
We now discuss the classes of models that can be writ-
ten in the general form (13); these are the α- and ξ-
attractors. As a particular case of this latter we first
consider Higgs inflation (HI) [16]. Here the condition
7(23) on the renormalization scale is determined by cou-
plings of the Higgs to the other Standard Model par-
ticles. Nothing guarantees beforehand that this is still
valid for the more general class of models considered.
Nevertheless, in III D we discuss how the weak condi-
tion (23) holds naturally also for the Cosmological At-
tractors.
It thus follows that the tree level predictions for all
these models are robust against quantum corrections.
A. Higgs Inflation
The argument outlined in the previous section applies
to Higgs inflation. This is the reason why in [2] it was
found that the dependence on the β-functions drops out
of the inflationary predictions. In fact, the kinetic term
and the potential for Higgs inflation (in the Einstein
frame and in unitary gauge) can be written as a Laurent
series in ρ = Ω−1 = 1/(1 + ξφ2) as
K =
3
2ρ2
+
1
4ξ(1− ρ)ρ2
' 3
2
(
1 +
1
6ξ
)
1
ρ2
+
1
4ξ
∞∑
i=−1
ρi (36)
and
V = V0(1− 2ρ+ ρ2) (37)
with V0 = λ/(4ξ
2). This is exactly of the general form
(13) with p = 2, c = −2 and a2 = 3/2(1 + 1/6ξ).
The slow roll parameters at tree level are given by (18),
which implies
ns ' 1− 2
N
, r ' 12
(
1 +
1
6ξ
)
1
N2
. (38)
Large values of ξ are needed to fit the power spectrum of
the scalar perturbations. In this limit the ξ-dependence
disappears form the tensor-to scalar ratio.
Let us now turn to the quantum corrections. In
Higgs inflation there is a natural choice for the RG time
t˜, which is chosen such that it minimizes the largest
logs in the Coleman-Weinberg potential in agreement
with (9). If Higgs inflation is embedded in the Stan-
dard Model, the dominant quantum corrections come
from the W and Z bosons and from the top quark
masses [18]. Their masses all scale the same way with
the Higgs field, namely as MW = gf(φ)/2, MZ =
(g2 + g′2)
1
2 f(φ)/2, Mt = ytf(φ)/
√
2) with g1, g2, yt the
U(1), SU(2) and Yukawa couplings respectively and
f(φ) = φ/Ω
1
2 . Using the notation of section I A, we
choose for simplicity
s = ln
(
f(φ)
µ
)
. (39)
The logs is minimized for s¯(t˜) = 0 which implies
t˜ = ln
φ
(1 + ξ(t˜)φ2)
1
2
=
1
4
ln
(
4V (t˜)
λ(t˜)
)
. (40)
To get the last expression it was used that the clas-
sical potential can be written as V = λf4(φ)/4. We
have given the masses and renormalization scale in the
Einstein frame, as this is where the inflationary observ-
ables are most easily computed. We note however that
physics is frame independent; even if initially the loop
corrections and renormalization scale is computed in the
Jordan frame, and only afterwards the results are trans-
formed to the Einstein frame, this would give the same
result for the renormalization scale (40) [2, 30].
It follows that t˜ is actually of the form (32) with µ0 =
4/λ which satisfies the generic assumption (23). Using
(33), (34) and (35) with βµ0/µ0 = −βλ/λ and βV0/V0 =
βλ/λ− 2βξ/ξ gives16
dt˜
dρ
= −1
2
1(
1 +
βξ
2ξ
) +O(ρ) (41)
and
C = c
1 + βV0/4V0
1− βµ04µ0
 = −2(1 + βλ4λ
1 +
βξ
2ξ
)
≡ −2F. (42)
Since Higgs inflation is a specific example of the gen-
eral set-up considered in section II B the shift of C by
the quantum corrections drops out of the inflationary
predictions, which are equal to the tree level results.
This conclusion holds as long as the perturbative ex-
pansion in ρ is valid. As discussed in II C for F? ' ρ?
the potential develops a maximum, which for fine-tuned
parameters can be used for “hilltop inflation” in agree-
ment with the CMB data. This possibility was studied
numerically in [2, 29].
Our choice of renormalization scale (40) is referred to
as “prescription I”, see [30] and section 2.3 of [2] for an
extensive discussion. This is the natural choice since it
minimizes the log preserving the asymptotic shift sym-
metry of the potential [2, 31]. In the literature ”pre-
scription II” has been also considered as well, defined
16 This can be matched to the notation used in [2], where the small
parameter δ = (ξφ2)−1 was used as expansion parameter. In
that notation ρ = δ(δ + 1)−1 ' δ + O(δ2) and φ =
(
1−ρ
ξρ
) 1
2
,
which gives
dt
dφ
=
ξ
1
2 δ
3
2
1 +
βξ
2ξ
+ δ
,
dφ
dρ
= − 1
2ξ
1
2
ρ−
3
2
(1− ρ) 12
+
βξ(1− ρ)
1
2
ξ
3
2 ρ
1
2
dt
dρ
,
It then follows that at leading order dt
dρ
= dt
dφ
dφ
dρ
agrees with
(41).
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t˜ = lnφ =
1
2
ln
[
1
ξ
(
1− ρ
ρ
)]
. (43)
This corresponds to a different UV completion of the
theory (where the potential is already altered at tree
level in the large field regime). Using this prescription
for the renormalization scale we can immediately see
that the previous cancellation does not take place any-
more. In fact dtdρ = − 12 1ρ(1−ρ) which is not of the form
(23). This is the reason why in [15, 18, 32] (see also
[33]), where prescription II was considered, features for
ns and r have been observed.
17
B. α-attractors
The α-attractors [3, 4],which are a generalization of
conformal attractors [36, 37], are described by the La-
grangian
L√−g = R−
1
2
K(∂φ)2 − V (φ) (44)
with
K =
α
(1− φ2/6)2 , V = αf
2(φ/
√
6). (45)
The Starobinsky model [38] also belongs to this class for
a particular choice of f and α = 1. Through the change
of variable
φ√
6
=
1− ρ
1 + ρ
, (46)
the inflaton Lagrangian becomes
L√−g = R−
1
2
(
3α
2ρ2
)
(∂ρ)2 − αf2
(
1− ρ
1 + ρ
)
. (47)
From (18) it then follows that for quite generic18 f the
tree level results are
ns ' 1− 2
N
, r ' 12α
N2
. (48)
As we will motivate in section III D the RG time can
be chosen as in (32). The analysis including quantum
corrections is then a special case of the general discus-
sion in section II B. As was shown there, the inflationary
observables are not affected by quantum corrections as
long as F does not break the perturbative expansion in
powers of ρ.
17 For examples where the potential is altered explicitly at tree
level see [34, 35].
18 The function f should not be singular at φ = 1, or equivalently
at ρ = 0, such that it is possible to expand it as f = V0(1 +
cρ+O(ρ2)).
C. ξ-attractors
The ξ-attractors are models in which the inflaton is
non-minimally coupled to the gravity sector [5–7]. They
are described by a Lagrangian of the form
L√−g =
Ω
2
R− 1
2
KJ(∂φ)
2 − VJ(φ). (49)
After the usual conformal transformation of the metric
g = Ω−1gE , the gravity sector is in the standard form
and the Einstein frame field metric and potential are
K =
KJ
Ω
+
3
2
Ω′2
Ω2
, V =
VJ
Ω2
. (50)
Let us briefly review which classes of models belong to
the ξ-attractor family. In [1] it has been shown that for
the special choice KJ =
1
4ξ
Ω′2
Ω , VJ = Ω
2U(Ω) (special
attractors) the models are completely equivalent to the
α-attractors with the identification 1 + 16ξ ≡ α. In fact,
with this choice of KJ in (50), the Einstein frame field
space metric K becomes exactly the one of (47). Other
subclasses of ξ-attractors are the induced inflation mod-
els [6] described by
Ω = ξf(φ) , KJ = 1 , VJ = V0(Ω− 1)2, (51)
and the condition that Ω → 0 as φ → 0; the universal
attractors [5] satisfy Ω→ 1 as φ→ 0, with
Ω = 1 + ξf(φ) (52)
and the same VJ and KJ as the induced inflation mod-
els. Higgs inflation is a particular example of a universal
attractor model. For ξ →∞ all these models give clas-
sically the same predictions at leading order in N−1,
which coincide with the predictions of the α-attractors
for α → 1. Indeed, in this limit the first term in K
in (50) can be neglected. Thus the Lagrangian in the
Einstein frame, after the field redefinition ρ = Ω−1, be-
comes
L√−g '
R
2
− 1
2
(
3
2ρ2
)
(∂ρ)
2 − V0(1− ρ)2. (53)
This is of the form (12)-(13) with the leading pole of
order two in the kinetic term (p = 2). Therefore the
predictions coincide at first order with (48) in the α→ 1
limit and given (23) the conclusions on the RG flow cor-
rections are the same as in the previous sections. In the
next section we further discuss the choice of renormal-
ization scale.
D. Renormalization scale for Cosmological
Attractors
Whereas the choice of t˜ in Higgs inflation is deter-
mined by the known couplings of the Higgs to the Stan-
dard Model fields, it is not clear a priori whether t˜ for
9a generic α or ξ attractor satisfies (23). This depends
on the inflaton couplings to the other fields, which is
model dependent. Let us consider first the case where
only the inflaton loops are relevant in the inflationary
regime (which happens when the coupling to all other
fields is suppressed).19 The one loop correction in the
Einstein frame is then of the form (remember that the
canonical inflaton field is labeled with χ) [40–42]
V (1) ∝ m4χ ln
(
m2χ
µ2
)
' m4χ ln
(
H2
µ2
)
(54)
with the inflaton mass given by20
m2χ ' Vχχ − 2H2 ' V
(
η − 2
3
)
' −2
3
V0
(
1 + c
(
1− 3
2ap
)
ρ+O(ρ2)
)
.
(55)
Thus the RG time satisfying (9) is
t˜ ' ln (m¯2χ(t˜)) ∼ ln(H2) ∼ lnV, (56)
where with ln(..) ∼ lnV we mean that the arguments
of the two logs contain the same powers of ρ. This is
enough to ensure that (23) is satisfied. The reason for
this is simple. If the theory is renormalizable in the EFT
sense, the one loop term (as any other log term in the
effective potential) can be reabsorbed order by order in
the tree level part.21
Let us now consider the case where the loop correc-
tions are dominated by other fields running in the loops.
We focus on the inflaton φ coupled to a scalar field σ;
the results straightforwardly generalize to fermion and
gauge fields. Here φ is the original field appearing in
the Lagrangians that the define the models, (44) for
the α-attractors and (49) for the ξ-attractors. In the
small field regime K ' 1 and φ ' χ, and the φ field
is the canonical renormalizable field. If we demand the
theory to be renormalizable in the small field regime,
the coupling between σ and φ has to be in a standard
renormalizable form. This automatically implies that a
one loop term like (56), with m2σ = ∂
2V (φ, σ)/∂σ2, can
be reabsorbed in the tree level potential in the infla-
tionary regime. Indeed, m4σ and V share the same field
19 The general argument in this context [39] states that the one
loop correction is negligible since it is suppressed by an extra
factor m2χ as compared to the tree level potential.
20 In all these kind of models we can neglect the backreaction of
gravity since  η [30].
21 The slow roll parameter η in terms of the canonical field is
η ∝ e−χ/a
1
2
2 . The fact that we can reabsorb the η-dependent
term in (55) is basically another way of saying that radiative
corrections do not spoil the quasi shift symmetry of the classical
potential.
dependence over the whole field regime. Thus, since
the renormalization scale accommodates a subset of the
powers of φ contained in the classical potential it im-
plies that, once rewritten in terms of ρ, it will equally
have a subset of the powers of ρ that are contained in
V .
Let us illustrate the previous statements with a sim-
ple example. Consider a coupling  L ⊃ g2φ2σ2 in
the action (44) [39]. Assume for simplicity that the
scalar field σ has no bare mass term. In the small
field regime the 1-loop contribution will be of the form
V (1) ∼ g4φ4 ln(g2φ2/µ2), which can be absorbed in a
quartic tree level potential V ∼ λφ4. For α-attractors,
in the large field regime V (1) and V have exactly the
same functional form, which implies t˜ = 1/4 ln(g¯4φ4(ρ)).
This written in terms of ρ using (46) will give a RG
time t˜ satisfying (23) (in particular, it will be of the
form (32)). A similar applies to the ξ-attractors. The
coupling generates loop contributions that can be reab-
sorbed in the Jordan frame potential VJ over the whole
field range, fully analogously to the situation in the α-
models. In the large field regime, once we transform to
the Einstein frame, all the mass scales (including the
renormalization scale, see [2, 30] and [43]) are rescaled
as m → m/Ω 12 . This still ensures that t˜ is of the form
(23); the explicit example in this context is given by
Higgs inflation in section III A.
The argument presented so far comes with a caveat.
We demanded the low energy regime to be renormaliz-
able, which is not necessary for a working inflationary
model. On top, we can relax the constraint by only ask-
ing the theory to be renormalizable in the EFT sense in
the small field regime; this opens the possibility that the
theory is only defined up to some cutoff scale Λ in this
regime. To be specific, consider the α/ξ-attractors ac-
tions (44) and (49) augmented with an interaction term
of the form
LI = Λ2gσ2 ln
(
1 +
φ2
Λ2
)
. (57)
Expanding in φ  Λ gives the first term of the pre-
vious example plus a tower of higher order operators
suppressed by powers of the cutoff. The theory is
clearly renormalizable in the EFT sense in the small
field regime. However, things might change in the large
field regime.
In the α models, using the expression of φ in terms of
ρ given by (46), we get
LI ∼ gσ2
(
a0 + a1ρ+O(ρ
2)
)
, (58)
where ai are just the numerical coefficients of the ex-
pansion. Therefore, even in the high field regime, the
quantum corrections generated by the field σ (propor-
tional to m4σ) can be absorbed order by order in the tree
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level potential. The RG time t˜ satisfies a relation like
(56) and the main conclusions of section II B still follow.
The same argument does not apply to the ξ-attractors
though. Here the interaction term in the Einstein frame
becomes
LI ∝ gσ
2
Ω2
ln
(
1 +
φ2
Λ2
)
' gσ2ρ2 ln (ρ−1) , (59)
where for simplicity we have taken f(φ) ∝ φ2 in
(52).22This cannot be expanded in powers of ρ as be-
fore, leading apparently23 to a choice for the renormal-
ization scale which does not fulfill condition (23). The
interaction renders the theory not renormalizable in the
EFT sense. Hence, interaction terms like the one con-
sidered here are simply not allowed on this ground —
it is important to remember that our whole analysis in
section I A is based on the assumption that inflation is
described by a perturbatively normalizable EFT.
IV. CONCLUSIONS
In this letter we analyzed the Cosmological Attrac-
tor models using the RG improved action to include the
leading log quantum corrections. A consequence of this
is that the slow roll parameters and the number of efolds
will depend on the beta-functions, and differ from the
respective tree-level expressions. However, when cal-
culating the spectral index and tensor-to-scalar ratio,
all corrections exactly cancel. This can be shown, ex-
panding in the small parameter defying the inflationary
regime, without explicitly solving the RGEs. This is
our main result, the inflationary predictions for α and ξ
attractors are not affected by quantum corrections (to
leading order in the 1/N expansion). This generalize our
previous work on Higgs inflation [2] to the larger class of
Cosmological Attractors. At the same time it extends
beyond the tree level the unified picture provided in [1].
There is one caveat which allows quantum corrections
to become important. It may be that the potential
develops an extremum because of the running; this is
purely a quantum effect since the tree level potential
has no extremum in the inflationary regime. This coin-
cides with the breakdown of our perturbative expansion
and analytical control is lost. This allows for hilltop
or inflection point inflation which are sensitive to the
loop corrections. However, these cases are realized for
very fine-tuned values of the parameters and they can be
studied numerically for specific inflationary scenarios.
The conclusions remain valid as long as the kinetic
term and the potential can be written in the form (13)
and the leading log in the effective potential is mini-
mized by an RG function satisfying (23). This turned
out to be correct provided the theory is perturbatively
renormalizable, in both the low/high field regime; which
is the sine qua non for our full discussion.
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